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Abstract 
We present the theoretical calculations on vortex structures in a nanosized superconducting circle with a deficit sector. The 
numerical calculations of Ginzburg–Landau equation has been carried out with the aid of the finite element method, which is 
convenient to treat an arbitrarily shaped superconductor. We found that the vortices form an arc structure or a partial shell structure 
in a deficient circle plate, and mirror symmetry can be seen with respect to the sector deficit. Due to the vortex-vortex interaction 
and the boundary confinement effect, we also found the evolution of double (outer and inner) shell structure as a function of 
vorticity. Our theoretical studies will be compared to the experimental studies. 
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1. Introduction 
The distribution of vortices in mesoscopic superconducting disks, of which the size is comparable to the coherence length ξ and 
the magnetic penetration depth λ, has been explored to discover exotic vortex states. Such features cannot be observed for a bulk 
superconductor, but it could be caused in the mesoscopic system driven by the vortex–vortex interaction and the boundary–vortex 
interaction.  The formation of different vortex configuration was dependent on geometry of pattern, the external magnetic field, 
and vorticity [1, 2, 3]. The symmetric vortex structure has been investigated by using the regular polygons with mirror symmetric 
lines. Several recent studies on mesoscopic disks have clarified the question of how vortices are arranged by the sample geometry. 
For a small circular disk, the formation of a ring-like structure was arranged under the influence of the sample boundary plays a 
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crucial role on vortex distribution [2, 4]. In the case of the noncircular geometry such as an equilateral triangle, [5, 6] or a square 
[7, 8], the symmetry (C3, C4) of the boundary condition tends to impose the particular vortex arrangement in those system. For 
instance, with the same vorticity L, the vortex configuration is different in square and triangle plates [9]. Beside the standard 
pentagon, several studies introduced an artificial element such as a pinning center to make the vortex configuration asymmetric [1] 
which was used to observed the vortex interaction, or changing sides of pentagon to become star to make complex structure [10] 
which observed a distinction configuration of vortex in concave decagon. Both theoretical and experimental approaches have used 
to explore the distribution of vortices, i.e., the nonlinear Ginzburg–Landau theory and the London approximation were used [11, 
12, 13] while scanning SQUID microscopy was applied to small superconducting Mo80Ge20 plates [3, 5].  
In this paper, we present theoretical prediction about the distribution of vortex in a circle disk with sector defect (Pakman 
[14]). In this pattern, there are several features. (1) The super current is inflected when it follows along the sample edge of Pakman 
shapes. At the deep corner of the deficit sector, the magnetic field is weakened, and hence the vortices tend to penetrate into the 
interior of the plate, in which we consider that the 
sector-shaped defect acts as a gate way for allowing 
the intentional entrance of vortices into the circle 
disk. It is our interest to see not only the symmetry in 
vortex configuration but also the influence of the 
open angle of the deficit sector upon the shell 
structure of vortices. We consider that the number of 
vortices to form shell structure was affected by the 
angle of each sector defect because of the limited 
length of the partial shell (arc) length. The vortex-
vortex interaction and the supercurrent confinement 
would lead to the formation of the two-shell 
structure. We found that the number of vortices at an outer shell was dependent on the number of inner-shell vortices when we 
increased the magnetic field systematically. We investigated the vortex profiles in the Pakman-shaped plate both theoretically and 
experimentally. Although we found a reasonable agreement between the theoretical predictions and the experimental findings by 
using a scanning SQUID microscope on the small Pakman plate, we would like to explain the theoretical results on vortex 
configuration in the present paper. 
2. Theoretical formalism  
We used the Ginzburg-Landau (GL) calculation in our preceding studies [1, 12]. We rebuilt order parameter and structure of 
circular plates with sector defect by means of finite element method. We consider a Pakman-shaped plate consisting of two-
dimensional nanosized superconducting film, to which the external magnetic field H was applied perpendicular. In order to obtain 
stable vortex structures, the GL free energy is written in terms of a complex order parameter as: 
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where Δ(r) is an order parameter of a superconductor, A is the magnetic vector potential and H is the external magnetic field. The 
parameter β and α are a positive constant, α depends on temperature as α = α(0)(1- T/Tc). In this study, we consider that the 
temperature of the system is well below the transition temperature Tc, and hence is assumed to be positive. 
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where ௜ܰሺݔǡ ݕሻ ൌ ሺܽ௜ ൅ ܾ௜ݔ ൅ ܿ௜ݕሻȀʹܵ௘ሺ݅ ൌ ͳǡʹǡ͵ሻare area coordinates, and ȟ௜ and ۯ௜ are the values of the order parameter and 
the magnetic vector potential at i-th node, respectively (see Fig. 1b). ௜ ൌ ݔ௜ݕ௞, ௜ ൌ ݕ௜ െ ݕ௞ and ܥ௜ ൌ ݔ௞ െ ݕ௝  are defined using 
coordinates of nodes ሺݔ௜ǡ ݕ௜ݖ௞ሻ of the triangular element and ܵ௘ is an area of the element. Using this expansion for minimizing the 
free energy, we obtain following equations for the order parameter, 
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where the coefficients are defined as 
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Fig.1.(a) Division of a Pakman superconductor into a number of triangular 
elements; (b) a triangular element. At each node, values of an order 
parameter and a magnetic vector potential are defined. 
(b) 
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Here, ߦ ൌ ߦ଴Ȁඥͳ െ ܶȀ ௖ܶ is the coherence length at temperature T, where ߦ଴ is the coherence length at zero temperature. Integrals 
of products of area coordinates over the element, such as ܫ௜௝, ܭ௜௝ఈఈ, ܬ௜௝௞ఈ  …, are defined in Ref. [15]. For the magnetic vector potential 
A, we can get similar equation using integrals of area coordinates. The Maxwell equation is solved self-consistently with a randomly 
distributed initial order parameter structure and we obtain a stable state at fixed temperature and external field by solving Eqs. (4) 
and (5). Because of the nonlinearity of the GL equation, the free energies (Eq. (1)) of the locally stable states are determined as the 
most stable state by comparing several locally stables states obtained by the different initial states. Our numerical method is of the 
advantage because the boundary condition of the order parameter is automatically satisfied. Therefore, we decided to employ the 
finite element method in conducting the systematic calculations.  
3. Results and discussion 
We calculated the distribution of vortex in a Pakman-shaped plate with a radius of R = 20ξ0 and a GL parameter of κ = 10. The 
magnetic field is applied in perpendicular to the Pakman plate at a temperature of T/Tc = 0.5, because Tc of our Mo80Ge20 sample 
is 7.3 K and our experimental measurements are performed at T = 4 K (T/Tc = 0.55). Figure 2 shows the GL calculationss in a 
single structrure with the order parameter Δ under various external fields. Applied magnetic field H was represented by a  
normalized magnetic field of h = H/Hc2. The mangetic field H ranges up to 10.5% of the upper critical field Hc2. 
Figure 2 shows the vortex configuration in a single shell, the green line is the mirror symmetry line of vortex configuration. 
As the normalized magnetic field h increases we find that the vorticity L grows in a step-wise manner upon increasing applied field 
as follows: (1) First, the Meissner state appears (figure 2(a)); (2) then, one vortex penetrates at tip of indent and stays on the mirror 
symmetry line of the Pakman plate (figure 2(b)); (3) for vorticity L = 2, the symmetry line divided two vortices into left and right 
(figure 2(c)); (4) third, the four and five vortices were formed in an arc-shaped manner. In the case of odd vorticity, one vortex 
stays on the symmetry line while the others were divided into left and right of the mirror symmetry line. They are the same in case 
of even vorticity while no vortices stay on the symmetry line (figures 2(d)–(f)). In Figs. 2(b)-(f), we found that the symmetry line 
of vortex configuration is in good agreement with the Pakman symmetry line. As pointed out by Huy et al. [4] about the circle disk, 
the rotational freedom of the circle is infinite while the Pakman plate has only one symmetry line at the position of sector defect. 
The maximum of vorticity at single shell structure and starting shell structure was depended on the angle of sector defect. Since 
the area of vortex penetration increases as the opening angle of the sector defect decreases. 
If the magnetic field increases to h=0.061, the vortex configuration becomes a two-shell structure. In Fig. 3, we show the 
evolution of vortex images in shell structure. It evolves with applied magnetic field as follows: (1) L = (1,5); L = (1,6); L = (1,7) 
one vortex sits near tip indent and others made outer shell in an arc-shaped manner (figures 3(a)–(c)), respectively. In this case, we 
can clearly see that a distance between two vortices in an out shell becomes larger when a vortex in an inner shell sits between the 
two vortices in the outer shell. A difference in space decreases when an outer shell vorticity is seven. This can be explained that a 
vortex in the inner shell is forced by the two vortices located in the outer shell. This makes the distance larger when the vorticity 
of the outer shell is large enough to accommodate more vortices. We also found the relationship of vorticity between the outer shell 
and inner shell. (2) According to Alstrøm et al. [17], the energy barrier at the boundary is the lowest at the triangular defect and 
therefore all vortices enter into superconducting disk through this defect.  As the magnetic field increases from h=0.061 of Fig. 
3(a), a new vortex is introduced through the tip of indent. One vortex was forced toward the outer shell by joining of new vortex. 
Then, the vorticity of the outer shell becomes six. This would be the same until the vorticity of the outer shell becomes seven in 
Fig. 3. Further increase of the applied magnetic field does not lead to the increase of the vorticity of the outer shell, but the vorticity 
of the inner shell increases up to two. They can be explained that the vorticity of the outer shell is large enough to change the force 
balance for one vortex of the inner shell. Therefore, a new vortex would stay in the inner shell until the vorticity in the inner shell 
increases up to two L=(2,7) of Fig. 3(d). This repeats the same situation when the shell structure grows up from L= (2,7) to L=(2,8) 
and (4,8). A step size of the vorticity growth in the outer shell decreases while that of the inner-shell increases. They can be 
explained by the confinement of supercurrents and the vortex-vortex interaction. The number of vortices in the inner shell and that 
Fig 2. Vortex distribution in superconducting circular disk with sector defect with a circumradius of R = 20ξ0 and a GL parameter of 
κ = 10 in terms of spatial distribution of the amplitude of the order parameter Δ under various different external fields. (a) h = 0.02; 
(b) h=0.025; (c) h = 0.03; (d) h=0.035; (e) h=0.04; (f) h=0.045 
(c) (d) (e) (f) (a) (b) 
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of the outer shell must be balanced to minimize the free energy coming from the vortex distribution and the boundary-vortex and 
vortex-vortex interactions. As pointed out by Kokubo et al. [2, 16] for the cases of the vorticity more than 6, the vortex configuration 
in formation of concentric shell rings of vortices, the vorticity at inner shell will increase when the outer shell vorticity is large 
enough. As pointed out by Huy et al. [1], the shell structure of pentagon starts a formation of the shell structure at L= (1,5). The 
growth in vorticity from L = 6 to 8 results in the formation of a shell configuration in which a single vortex nearly stays at the 
center while the others vortices form the outer shell. The two-shell structure remains for the state L = (1, 7), where one vortex is 
newly added to the outer shell. The number of vortices in the inner shell starts to grow at L = 9, resulting in the subsequent (2, 7) 
and (2, 8) configurations with L = 10. Further experimental investigations are necessary to reveal the nature of novel vortex states 
of the circular Mo80Ge20 disk with sector defect.  
4. Conclusion 
We have performed numerical simulations of vortex structures in a Pakman superconducting plate with R=20ξ0 under an 
external field. The Ginzburg–Landau equation can be conducted by employing the finite element method of an arbitrarily formed 
shape to obtain the distribution of vortices inside. We found the symmetric vortex structure was affected by the geometry of the 
Pakman and the boundary interaction. We noticed that the rule of shell filling in the double shell structure was influenced as a 
function of applied magnetic field into the Pakman disk. Beginning of the two-shell structure occurs at the vorticity L = (1,5) and 
the vorticity in the inner shell increases up to two when the outer-shell evolves large enough up to seven vortices. When the inner-
shell becomes four, the outer shell grows up eight vortices. In the present studies, the experiment on the circular Mo80Ge20 plate 
with sector defect is conducted systematically by using the Ginzburg-Landau calculations to explain a tendency of vortex evolution. 
Detailed comparison between theoretical predictions and experimental findings is in progress.  
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Fig 3. Vortex distribution in superconducting circular Mo80Ge20 plates with sector defect with a circumradius of R = 20ξ0 and a GL parameter 
of κ = 10 in terms of spatial distribution of the amplitude of the order parameter Δ under various different external fields. (a)  h= 0.061; (b) 
h=0.065; (c) h=0.07; (d) h=0.078; (e) h=0.08; (f) h=0.09. 
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